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Abstract
We study the Laplacian eigenvalues of trees on n vertices with independence number α
and describe all extremal graphs that attain the maximal Laplacian spectral radius and alge-
braic connectivity. Then the results are used to confirm two conjectures of Graffiti (WOW
Conjectures 584 and 636) on the relationship between the Laplacian eigenvalues and the inde-
pendence number of a graph.
© 2004 Published by Elsevier Inc.
AMS classification: 05C50; 05C69
Keywords: Graffiti’s conjecture; Laplacian eigenvalue; Tree; Independence number
1. Introduction
Let G = (V ,E) be a simple graph on vertex set V = {u1, . . . , un} and edge set E.
The order of a graph is the cardinality of its vertex set. The matrix L(G) = D(G) −
A(G) is called the Laplacian matrix of graph G, where D(G) = diag(d(u), u ∈ V )
is the diagonal matrix of vertex degrees of G and A(G) is the adjacency matrix of
G. The eigenvalues of L(G) are called the Laplacian eigenvalues and denoted by
λ1  λ2  · · ·  λn = 0. If more than one graph is involved, we may write λi(G)
in place of λi . In particular, λn−1 is called the algebraic connectivity of G (see [11]).
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For background on the Laplacian eigenvalues of a graph, the reader is referred to
Grone and Merris [7], Merris [11] and the references therein.
Let G be a simple graph. A pendant vertex is a vertex of degree one. A subset
S of V is called an independent set of G if no two vertices of S are adjacent in G.
The independence number of G, denoted by α, or α(G), is the size of a maximum
independent set of G. For other notations and terminology, the reader is referred to
[1,2].
Fajtlowicz [3] presented a variety of conjectures involving in graph parameters.
These conjectures have been investigated by many researchers. For example, Hansen
and Melot [8] proved and refuted many conjectures. In particular, Favaron et al. [4]
investigated these conjectures involving eigenvalue properties of graphs. Fajtlowicz
[3] raised the following two conjectures on the relationship between the Laplacian
eigenvalues and the independence number of a graph.
Conjecture 1.1 (WOW Conjecture 584). Let T be a tree of order n with indepen-
dence number α. Then λ1 < 2 + α.
Conjecture 1.2 (WOW Conjecture 636). Let G be a graph of order n with at least
one edge and independence number α. Then
λ1 
n
α
.
Definition 1.3. Let K1,m denote the star on m + 1 vertices. If n−12 < m  n − 1,
then Tn,m is the tree created from K1,m by adding a pendent edge to n − m − 1 of
the pendent vertices of K1,m.
For example, T6,3 and T6,4 are shown in Fig. 1, while T6,5 is a star graph K1,5.
Clearly, if n  3, then the independence number of Tn,m with n−12 < m  n − 1 is
exactly m. For convenience, throughout this paper, we always assume that a graph
has at least three vertices.
This paper is organized as follows: In Section 2, we show that the maximal Lapla-
cian spectral radius of all trees on n vertices with independence number α is achieved
uniquely at the tree Tn,α , which confirms Conjecture 1.1. Moreover, we also prove
that the maximal algebraic connectivity of all trees on n vertices with independence
Fig. 1.
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number α is achieved at the tree Tn,α . In Section 3, we presents two lower bounds
for independence number in terms of λ1, which are used to confirm Conjecture 1.2.
2. Laplacian eigenvalues of trees
In this section, we study the maximal Laplacian spectral radius and the algebraic
connectivity of trees on n vertices with independence number α. Recently, Hong [9]
proved the following result:
Lemma 2.1. Of all the trees with n vertices and p pendant vertices, the maximal
Laplacian spectral radius is achieved uniquely at Sn,p, which is obtained by identify-
ing one end vertices of paths P1, . . . , Pp of almost equal lengths, that is, the lengths
l1, . . . , lp of P1, . . . , Pp which satisfy |li − lj |  1, whenever 1  i, j  p.
Remark. If p > n−12 , then Sn,p is identical to Tn,p. The following result is obvious.
Lemma 2.2. Let T be a tree on n vertices with independence number α. Then
α 
⌈n
2
⌉
,
where x is the least integer no less than x.
Moreover, we also need the following result from [7,10,13].
Lemma 2.3. Let G be a connected graph of order n with degree sequence d1 
d2  · · ·  dn. Then
d1 + 1  λ1(G)  2 +
√
(d1 + d2 − 2)(d1 + d3 − 2)
with the left equality if and only if d1 = n − 1 and with the right equality if and only
if G is a regular bipartite graph or a path with three or four vertices.
Lemma 2.4. The Laplacian spectral radius of tree Sn,p, λ1(Sn,p), is an increasing
function on the number of pendant vertices, in the other words,
λ1(Sn,2) < λ1(Sn,3) < · · · < λ1(Sn,n−1).
Proof. By a simple calculation, it is easy to see that the assertion holds for n  6.
Hence we may assume that n  7. By Lemma 2.3, λ1(Sn,i) < i + 2 and λ1(Sn,i+1) 
i + 2 for i = 2, . . . , n − 2, since the maximal degree of Sn,i+1 is i + 1. Hence the
assertion holds. 
Lemma 2.5. Let T be a tree on n  3 vertices with independence number α. Then
T has at most α pendant vertices.
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Proof. Since the set of all pendant vertices is an independent set of T , T has at most
α pendant vertices. 
Theorem 2.6. Of all trees with n vertices and fixed independence number α, the
maximal Laplacian spectral radius is achieved uniquely at Tn,α.
Proof. Let T be a tree on n vertices with the independence number α. Suppose that
T has p pendent vertices. It follows from Lemma 2.1 that
λ1(T )  λ1(Sn,p).
Moreover, by Lemmas 2.5, 2.4 and 2.2, we have
λ1(Sn,p)  λ1(Sn,α) = λ1(Tn,α),
since Sn,α = Tn,α for α  n2   n−12 . Moreover, the first equality holds if and only
if T is uniquely at Sn,p and the second equality if and only if p = α. Hence we finish
the proof. 
Lemma 2.7. The Laplacian spectral radius of Tn,α satisfies the following equation
λ3 − (α + 4)λ2 + (3α + 4)λ − n = 0.
Proof. We assume that the vertex set of Tn,α is {v1, . . . , vn} and the edge set is
{(vn, vi), (vj , vα+j ) : i = 1, . . . , α, j = 1, . . . , n − α − 1}. By Proposition 2.2 (That
is, if G is bipartite graph, then λ1(L(G)) = λ1(|L(G)|), where the (i, j) entry of
|L(G)| is equal to the absolute value of the (i, j) entry of L(G).) in [6], λ1(L(Tn,α)) =
λ1(|L(Tn,α)|) ≡ λ1. Let x = (x1, . . . , xn)T be a Perron vector of |L(Tn,α)| corre-
sponding to λ1, where xi corresponds to the vertex vi . By the symmetry of Tn,α , we
have x1 = (λ1 − 1)xα+1, (λ1 − 2)x1 = xn + xα+1, (λ1 − α)xn = (n − α − 1)x1 +
(2α − n + 1)xα , (λ1 − 1)xα = xn. Hence
xn =
(
λ1 − 2 − 1
λ1 − 1
)
x1
and
(n − α − 1)x1 =
(
λ1 − α − 2α − n + 1
λ1 − 1
)
xn.
Therefore(
λ1 − α − 2α − n + 1
λ1 − 1
)(
λ1 − 2 − 1
λ1 − 1
)
= n − α − 1,
which yields the desired result. 
Corollary 2.8. Let T be a tree of order n and independence number α. Then
λ1(T )  α + 1 + n − α − 1
(α − 1)2 ,
with equality if and only if T is the star K1,n−1.
X.-D. Zhang / Linear Algebra and its Applications 385 (2004) 369–379 373
Proof. By Theorem 2.6, it only needs to prove that
λ1(Tn,α)  α + 1 + n − α − 1
(α − 1)2
with equality if and only if T is star K1,n−1. If α = n − 1, i.e., T is the star K1,n−1,
then it is easy to see that equality holds. If α  n − 2, denote λ1(Tn,α) = α + 1 + δ,
where δ  0. By Lemma 2.7, we have
δ3 + (2α − 1)δ2 + (α2 − α − 1)δ + α + 1 − n = 0.
Hence δ < n−α−1
(α−1)2 and the result holds. 
Theorem 2.9 (WOW Conjecture 584). Let T be a tree of order n with the indepen-
dence number α. Then λ1 < 2 + α.
Proof. It follows from Corollary 2.8 and Lemma 2.2 that
λ1  α + 1 + n − α − 1
(α − 1)2 < α + 2. 
We will describe all extreme trees that attain the maximal algebraic connectivity
over the class of trees with n vertices and independence number α after presenting
the following two lemmas.
Lemma 2.10
(i) If α = n − 1, then λn−1(Tn,α) = λn−1(Tn,n−1) = 1.
(ii) If α = n − 2, then λn−1(Tn,α) = λn−1(Tn,n−2) is the smallest root of the fol-
lowing equation
λ3 − (n + 2)λ2 + (3n − 2)λ − n = 0.
(iii) If α < n − 2, then
λn−1(Tn,α) = 3 −
√
5
2
.
Proof. By performing some calculations, the characteristic polynomial of L(Tn,α)
is equal to
λ(λ − 1)2α−n(λ2 − 3λ + 1)n−α−2(λ3 − (α + 4)λ2 + (3α + 4)λ − n).
Hence the results follow. 
Lemma 2.11 ([6] or [12]). Let G be a graph on n vertices. Suppose that H is a graph
on n + 1 vertices created from G by affixing to G an isolated vertex u together with
an edge joining u to some vertex in G. Then λn(H)  λn−1(G).
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Theorem 2.12. Let T be a tree on n vertices with independence number α.
(i) If α = n − 1, then T = K1,n−1, and so λn−1(T ) = 1.
(ii) If α = n − 2, then λn−1(T )  λn−1(Tn,n−2), where λn−1(Tn,n−2) is the small-
est root of the following equation
λ3 − (n + 2)λ2 + (3n − 2)λ − n = 0.
Moreover, equality holds if and only if T is Tn,n−2.
(iii) If α < n − 2, then
λn−1(T ) 
3 − √5
2
with equality if and only if T is Tn,α.
Proof. By some calculations, it is easy to see that the results hold for n  5. Hence
we assume that n  6. If α = n − 1, then T must be K1,n−1, and so λn−1(T ) = 1.
(ii) Assume that α = n − 2. By Lemma 2.10, λn−1(Tn,n−2) is the smallest root of
the following equation
λ3 − (n + 2)λ2 + (3n − 2)λ − n = (λ2 − 3λ + 1)(λ − n + 1) − 1 = 0.
Since 3−
√
5
2 is the smallest root of the equation λ
2 − 3λ + 1 = 0, λn−1(Tn,n−2) >
3−√5
2 . Moreover, any tree T with n vertices and independence number α = n − 2
has diameter at least 3. If T is any tree whose diameter is at least 4, then P5, the path
on 5 vertices is a subgraph of T and it follows from repeated applications of Lemma
2.11 that
λn−1(T )  λ4(P5) = 3 −
√
5
2
< λn−1(Tn,n−2).
If the diameter of a tree T is 3, then it follows from Corollary 2 in [5] that λn−1(T ) 
λn−1(Tn,n−2) with equality if and only if T is equal to Tn,n−2.
(iii) Assume that α < n − 2. Suppose any tree T whose diameter is at least 5.
Then P6, the path on six vertices is a subgraph of T . Hence it follows from repeated
applications of Lemma 2.11 that
λn−1(T )  λ5(P6) = 2 −
√
3 <
3 − √5
2
= λn−1(Tn,α).
On the other hand, any tree T with n vertices and independence number α has diam-
eter at least 4. Otherwise, T has at least independence number n − 2, a contradiction.
To complete the proof, we need to consider all trees that have independence number
α < n − 2 whose diameter is exactly 4. Let G be the tree from a path v1, v2, . . . , v5
on five vertices by affixing to it an isolated vertex v6 together with an edge joining v6
to v4. If there exists a subgraph of T isomorphic to G, then it follows from repeated
applications of Lemma 2.11 that
λn−1(T )  λ5(G) <
3 − √5
2
= λn−1(Tn,α).
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Hence for any trees with n vertices and independence number α,
λn−1(T )  λn−1(Tn,α)
with equality if and only T is Tn,α . This theorem is proved. 
3. Upper bounds for independence number
Theorem 3.1 (WOW Conjecture 636). Let G be a graph of order n with at least one
edge and independence number α. Then
α  n
λ1
with equality if and only if α is a factor of n and G has α components each of which
is the complete graph Kn
α
.
Proof. First, we consider the following special case that G is connected. Let U be
the independent set of G with the size α. Then for each vertex v in V \U , there exists
a vertex u ∈ U with (u, v) ∈ E(G), otherwise U ∪ {v} is an independent set with
size α + 1, a contradiction. Hence there are at least n − α edges with one end in U
and the other end in V \ U , since V \U has n − α vertices. Now let x = (x1, . . . , xn)
be n-tuple vector with xi = 1α if vi ∈ U and xi = − 1n−α if vi ∈ V \ U . Then
λ1
∑
(vi ,vj )∈E(G)(xi − xj )2∑n
i=1 x2i
=
(n − α)
(
1
α
+ 1
n−α
)2
1
α
+ 1
n−α
= n
α
.
Hence α  n
λ1
.
If G is the complete graph Kn, then G has independence number 1 and λ1 = n.
Therefore equality holds.
Conversely, assume that G is connected and equality holds. Then x is eigenvector
of L(G) corresponding to eigenvalue n
α
. Let L(G) =
(
L11
L21
L12
L22
)
, where L11 cor-
responds to vertex set U . Let y = 1
α
e be α-tuple and z = −1
n−α e be (n − α)-tuple
vectors, where e is a vector with all component 1. By L(G)x = n
α
x, we have
n
α
1
α
e = 1
α
L11e − 1
n − αL12e =
(
1
α
+ 1
n − α
)
L11e
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and
n
α
−1
n − α =
1
α
L21e − 1
n − αL22e = −
(
1
α
+ 1
n − α
)
L22e.
Hence
L11e = n − α
α
e and L22e = e.
Hence each vertex in U has degree n−α
α
. Therefore λ1 = nα = n−αα + 1. By Lemma
2.3, n−α
α
= n − 1. Hence α = 1 and G is the complete graph Kn.
Without loss of generality, we now assume that G has r connected components
G1, . . . ,Gr and the order of Gi is ni > 1. By the above results, we have
α(G) =
r∑
i=1
α(Gi) 
r∑
i=1
ni
λ1(Gi)

r∑
i=1
ni
λ1(G)
= n
λ1(G)
.
Moreover, equality holds if and only if λ1(G1) = · · · = λ1(Gr) = nα and Gi is the
complete graph Kni , where ni = nα . Hence we finish the proof. 
In [7], Grone and Merris proposed the following quantity
k(G) = max
{
k∑
i=1
d(ui) : {u1, . . . , uk} is independent in G
}
.
We will establish relations between that quantity, the independence number, and
the maximum Laplacian eigenvalue of a graph.
Theorem 3.2. Let G be a graph of order n with at least one edge and independence
number α. Then
λ1 
nα(G)
α(n − α) .
Proof. Let U be an independent set corresponding toα(G). Let L(G)=
(
L11
L21
L12
L22
)
,
where L11 corresponds to vertex set U . Then the partition of L(G) gives rise to the
quotient matrix whose entries are the average row sums of the blocks of L(G), that
is,
B =
(
α(G)
α
−α(G)
α
−α(G)
n−α
α(G)
n−α
)
.
Hence B has eigenvalues 0 and nα(G)
α(n−α) . By eigenvalue interlacing,
λ1 
nα(G)
α(n − α) . 
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Corollary 3.3. Let G be a graph of order n with at least one edge and independence
number α. If the minimum degree of G is δ, then
α  λ1 − δ
λ1
n.
Proof. By Theorem 3.2 and α(G)  αδ, we have
λ1 
nαδ
α(n − α),
which yields the desired result.
Corollary 3.4. Let G be a graph of order n with independence number α. If G has
no isolated vertices, then
n
min{α, n − α}  λ1
with equality if and only if either α is a factor of n and G has α components each
of which is the complete graph Kn
α
, or n − α is a factor of n and G has n − α
components each of which is the star K1, α
n−α .
Proof. By Theorem 3.2,
λ1 
nα(G)
α(n − α) 
nα
α(n − α) .
Hence the result follows from Theorem 3.1 and the above inequality.
If α is a factor of n and G has α components each of which is the complete graph
Kn
α
, or n − α is a factor of n and G has n − α components each of which is the star
K1, α
n−α , then it is easy to see that equality holds.
Conversely, suppose that equality holds. Firstly, we consider that G is connected.
If α  n − α, then by Theorem 3.1, G is the complete graph Kn and α = 1. If α >
n − α, then λ1 = nn−α . By Theorem 3.2, α(G)  α. Thus α(G) = α, since G has
no isolated vertices. Hence there exists an independent set U with size α such that
α(G) = α. Therefore there are α edges with one end in U and the other end in
V \ U . Thus there exists a vertex u ∈ V \ U such that d(u)  α|V \U | = αn−α . Then
λ1 = α
n − α + 1  d(u) + 1.
On the other hand, by Lemma 2.3, λ1(G)  d(u) + 1. Hence λ1(G) = d(u) + 1. By
Lemma 2.3, d(u) = n − 1 and λ1 = n, which implies that α = n − 1 and G is the
star K1, α
n−α .
Now we consider that G has r components G1, . . . ,Gr and that the order of Gi
is ni with
∑r
i=1 ni = n. Clearly,
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min{α, n − α}=min
{
r∑
i=1
α(Gi),
r∑
i=1
(ni − α(Gi))
}

r∑
i=1
min{α(Gi), ni − α(Gi)}

r∑
i=1
ni
λ1(Gi)

r∑
i=1
ni
λ1(G)
= n
λ1(G)
= min{α, n − α}.
Hence λ1(Gi) = nimin{α(Gi),n−α(Gi)} for i = 1, . . . , r and λ1(G1) = · · · = λ1(Gr) =
λ1(G). Since Gi is connected, Gi is either the complete graph of order nmin{α,n−α}
or the star graph of order n
min{α,n−α} for i = 1, . . . , r . Let G have p components
each of which is the complete graph of order n
min{α,n−α} and q components each of
which is the star graph of order n
min{α,n−α} . Then p
n
min{α,n−α} + q nmin{α,n−α} = n and
p + q( n
min{α,n−α} − 1
) = α. Hence n = 2α, or p = 0, or q = 0. Therefore we finish
the proof. 
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